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(2) Properties such as OACFs, correlation times, and
spectral densities are easily calculated using \/’s together
with the weighting factor &;’s, which equally follow from
the master equation but assume different values depending
on the property investigated and the equilibrium statistics
of the chain. ‘

(3) Local chain dynamics is found to be significantly
dependent upon the molecular structure, as the compar-
ison of OACFs for PE and PEO in Figure 1 indicates.

(4) The present form of the dynamic RIS model which
is developed for relatively short sequences in motion seems
suitable for the interpretation of high-frequency motions
of the order 10'°-10'!/s and, in particular, the spin-lattice
relaxation and correlation times measured in NMR ex-
periments with dilute polymeric solutions. The theory
satisfactorily reproduces the experimentally measured
spin-lattice relaxation and correlation times in H and *C
NMR, as well as the observed activation energies and the
front factor, A;. The agreement of the latter lends support
to the postulated inverse linear dependence of 4; on vis-
cosity.
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ABSTRACT: Relaxation experiments—such as T’ jump—in solutions of polymeric micelles are theoretically
analyzed. Only micelles formed by neutral A-B diblock copolymers in a selective solvent of low molecular
weight are considered. The Aniansson-Wall mechanism, which allows the micellar size distribution to adjust
in steps consisting of single-chain insertion/expulsion, is found to have the lowest activation free energy. The
relaxation behavior is expected, as usual for micellar solutions, to be characterized by two relaxation times.
The scaling form of the fast relaxation time, 7,, is obtained by use of the properly adapted Kramers rate theory.
71 is found to have different forms for starlike micelles and for micelles with thin coronas. In both cases,
7, ~ exp(Ng¥3ya?/kT) where Ny is the core block’s degree of polymerization (DP) and v the surface tension
of the core-corona interface. The preexponential factor is, however, different in the two systems. In solutions
well past the critical micelle concentration (cmc), the preexponential factor scales as Ng7/3 for micelles with
thin coronas (Ng > N,) and as N,#/3N??/5 for starlike micelles (Ng <« N,) where N, is the coronal block’s
DP. The different scaling laws are obtained because the passage through the corona is the rate-determining
step only in starlike micelles.

I. Introduction

Much attention was given to the kinetics of micelle
formation and dissolution.}? Both experiment and theory
focused on the response of micellar solutions to small
perturbations, that is, relaxation experiments such as T
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jump. Most investigations dealt with the behavior of
micelles formed by ordinary, small surfactants (~Cy).
Very little, however, is known of the kinetics of polymeric
micelles,? i.e., micelles formed by polymeric surfactants
such as diblock copolymers. Studies of polymeric micelles,
experimental®* as well as theoretical,>!! considered their
equilibrium properties. Yet, the kinetics of polymeric
micelles should prove of interest both from polymer and
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surface science points of view. Polymeric micelles provide
an attractive model system for the study of micellar ki-
netics in general. Consider micelles formed by neutral
diblock copolymers in a highly selective solvent. The
behavior of this system is anticipated to be especially
simple. This is because polymeric micelles are expected
to grow or dissolve primarily via the Aniansson-Wall
(AW)>1213 mechanism. This mechanism allows change of
the aggregation number only in steps consisting of addition
or substraction of a single surfactant. For small surfactant
micelles, the applicability of this model is limited by
competing reactions involving fusion or fission of aggre-
gates.>1* Polymeric micelles are distinct in that this last
mechanism is expected to play only a minor role. Fusion
of polymeric aggregates (micelles or “submicelles”) is op-
posed by repulsive interactions due to the exterior coronal
chains.’® Also, the asymmetric, AW-type fission is favored
by low activation free energies traceable to the core’s
surface free energy. Accordingly, the fission—fusion process
should be very slow in comparison with the AW mecha-
nism. Even more attractive is the option afforded by
polymeric micelles to modify rate constants with no ac-
companying change in the equilibrium properties relevant
to the kinetics, i.e., the aggregation number distribution.
This option arises because the micellar size distribution
is essentially independent of the coronal block’s degree of
polymerization (DP),>®¥ while the kinetics depend on the
DP of the whole chain. Its realization depends on another
feature inherent to polymeric surfactants: our ability to
change the DP of either or both blocks over a wide range.

The kinetics of polymeric micelles are of interest not
only as a simple model system. Relaxation experiments
provide a simple probe of equilibrium properties to mi-
cellar solutions, such as the mean aggregation number and
the variance of the aggregation number distribution.
Furthermore, the study of the kinetics of polymeric mi-
celles may shed light on their role in various applications.
In particular, it may help to understand the kinetics of
solubilization by such micelles, which are relevant to their
use in dispersion polymerization and in the formulation
of lubricants.® On a more fundamental level, the consid-
eration of micellar kinetics involves questions concerning
the desorption dynamics of polymeric surfactants. These
are of interest because the polymers involved are stretched.
In particular, the coronal blocks, which may be considered
as grafted to the core’s surface, are radially stretched. As
a result® their outward motion is reptative in nature even
in the absence of entanglements. Also, this motion is
driven rather than purely diffusive. This is apparent upon
realizing that each of the radially stretched coronal blocks
is in effect confined to a cone (see section II). Their
outward motion results then in release from confinement,
and the associated loss of free energy drives the expulsion.
These effects are discernible in the kinetics of starlike
micelles. This feature is of interest from yet another point
of view, as it is the origin of one of the uniquely polymeric
modifications that is necessary for the application of the
Kramers rate theory to our system.!” Finally, this problem
is of importance because similar considerations should
apply to other related systems such as monolayers, lamellar
phases, etc.

In the following we present theoretical considerations
pertaining to relaxation experiments involving polymeric
micelles formed by flexible, linear, neutral A-B diblock
copolymers in a highly selective solvent. The copolymers
are monodispersed, consisting each of N, A monomers and
Ng B monomers. While we focus on two limiting cases,
of Ny « Ny and N, > Np, both N, and Ny are assumed
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Figure 1. Two extreme micellar types: micelles with thin coronas
(a) and starlike micelles (b). Schematic cross sections and plots
of monomer volume fraction ($) versus the distance from the
micelle center (r). Region I is a core consisting of a melt of B
blocks. Region Il is a corona of swollen A blocks. ®(r) of micelles
with thin coronas is depicted according to the Alexander—de
Gennes model.

r

to be large. The solvent, of low molecular weight, is as-
sumed to be good for the A blocks and poor for the B
blocks. As is usual for micellar solutions in general, we
expect this system to exhibit two relaxation times, 7; «
75. We obtain the scaling behavior of shorter relaxation
times, 71, with respect to N, and Ng. The relaxation times
depend on equilibrium properties, such as the mean and
the variance of the aggregation number distribution, and
on the rate constants for expulsion of a copolymer chain
from a micelle. In section II we mainly review the equi-
librium properties of polymer micelles. A plausibility
argument for the dominance of the AW mechanism in our
system is presented in section III. It is based on the
comparison of the activation free energies associated with
the two mechanisms. Accordingly, it is suggested that 7,
of this system follows the predictions of the AW theory.
While this argument is valid for r; as well, it is of less
consequence in this case as 7, is anyhow expected to have
the AW form whenever the micellar size distribution is
narrow enough. A brief review of the main predictions of
the AW theory concludes this section. We do not attempt
to obtain the scaling behavior of 7. This is because 7,
depends on the expulsion rate constants and the concen-
trations of all the aggregates in the solution, while our
aggregate’s model is reasonable only for high aggregation
numbers. We accordingly confine our considerations to
the scaling behavior of 7;. The dynamic property relevant
to the analysis of 7, is the expulsion rate constant, b, for
proper micelles. In section IV we present a scaling analysis
of b within the framework of the Kramers rate theory. We
then use it to obtain the scaling form of 7, for micelles with
both thin and extended coronas. As is customary for
scaling arguments, we usually ignore numerical prefactors.

II. Polymeric Micelles

Diblock copolymers in a selective solvent form spherical
micelles. Two spherical concentric regions are distin-
guishable in such a micelle: a central core consisting
mostly of B blocks which are immiscible in the solvent, and
an outer corona formed by soluble A blocks swollen by the
solvent. It is possible to discern two extreme micellar types
(Figure 1): micelles with thin dense coronas® (N, <« Ng)
as opposed to starlike micelles with extended coronas'® (N,
> Np). The two types differ in their equilibrium prop-
erties and, as we shall see, in their dynamical behavior. It
is convenient to consider dilute micellar solution well past
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the critical micelle concentration (cmc). In this regime,
the micelle’s structure is essentially determined by the free
energy per chain of a single micelle.

In a highly selective solvent, the only case we consider,
the core—corona boundary, is sharply defined. The sys-
tem’s tendency to lower the associated surface free energy
per chain, Fi o tace; drives the formation of micelles. As-
suming that the core consists of closely packed B mono-
mers, we have V.. ~ R’ =~ fNga®, where f denotes the
number of copolymer chains in a micelle and a is a typical
monomer size. Fierace 1S then given by®

Finterface = 'YRcoreZ/f = ,ya2f-1/3NB2/3 (II']-)

The micelle’s size is determined by the balance of Fierzace
and free-energy penalties arising from micellar growth.
These penalties originate from the localization of the A-B
junction at the core—corona boundary. As a result, both
core and coronal blocks are in effect grafted chains, i.e.,
chains attached to an interface by a headgroup. The co-
ronal blocks are grafted to the exterior of the core, while
the core blocks are attached to the core’s inner surface.
The high-density grafting causes chain deformation leading
to an increased free energy which, in turn, arrests the
micellar growth. We consider the contribution of the B
blocks first.

For high enough temperatures, above the glass transition
temperature, the inner core may be regarded as a melt of
B blocks. The B chains are then assumed to obey ideal
chain statistics. However, because of the grafting, the
constant density (¢g =~ 1) requires chain stretching. Due
to the core spherical symmetry, only some of the chains
are stretched. Because of the steep decrease in available
volume near the origin, it is sufficient to deform only some
of the chains in order to fulfill the ¢g ~ 1 constraint. Yet,
it is possible to write the resulting increase in free energy
per chain as

Fcore/kT = RCO!‘EZ/RO2 ~ f2/3NB_1/3 (11-2)

where R, = Ng'/2a. While this form was originally justified
by assuming uniform stretching,® subsequent analysis
showed that (II-2) is obtained even when this assumption
is relaxed.!8

As noted earlier, coronal blocks are in effect grafted to
the outer surface of the core. The high grafting density
results in chain stretching and thus leads to the second
penalty term, F ... To obtain F ., we utilize the
scaling analysis, due to Witten and Pincus,'® of chains
grafted to a colloidal particle (in our case, the core). This
approach is based on the Daoud-Cotton model for star
polymers.!® It is founded on two postulates: (1) The
correlation length, £, depends only on r, the distance from
the origin. Accordingly, the concentration profile is self-
similar and ¢ ~ r. (2) The correlation length in each
spherical shell of radius r obeys r2 ~ ft2. In essence, the
corona is divided into f identical truncated cones, and a
coronal chain is grafted to the narrow end of each. The
two postulates lead to ¢ ~ r/f'/2  Accordingly, the A
monomers’ volume fraction in a good solvent is given by
¢a(r) = f¥3a/r)*?. By integrating ¢,(r) over the coronal
volume and setting the integral equal to N, fa®, we obtain
the thickness of the corona, L:

f1/9NB'2/9NAa NA < NB
L~ 1/677.3/5 (I1-3)
f NA a NA > NB

The associated free energy per chain is obtainable by in-
tegrating the free-energy density!! given by kT/£% or
equivalent by the kT per blob recipe:!?
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ReoresL
Foona/KT = 1 602 dr ~ {42 In (14 L/ Re)

(I1-4)
and thus k
Feorona/ kT =
fl/z(L/Rcore) ~ fs/lsNB_ﬁ/gNA Ny« Ng

f1/2 In (L/Rcore) ~ f1/2 In (f—2/15NB—1/3NA3/5) NA > NB

(I1-5)

In the limit Ny « Np, (II-3) and (II-5) yield the forms
obtained for flat grafted layers;>?%?! however, the average
separation of grafting sites is now self-adjusting. In this
treatment, the coronal chains are taken to be uniformly
stretched. As in the case of the core, this assumption is
questionable. A self-consistent analysis of spherical grafted
layers has yet to be performed. However, a recent self-
consistent calculation?? shows that the scaling behavior of
L and F,,, in the case of a flat grafted layer (N, << Ng)
does not change when the uniform stretching constraint
is relaxed.

We now approximate the free energy per chain in a
single micelle as

F micelle — F, interface + F core + F corona (II'G)

In doing so we neglect minor corrections such as those due
to the junctions’ entropy, their localization at the interface,
and the bonding of pairs of core and coronal blocks. In
the two limits of interest, further simplifications are
possible: For micelles with thin coronas, (N, «
NglV1B8F,  na & Feop, while for starlike micelles, (N, >
NtV F o >» F.... Accordingly,51011

Fricene/ BT =~

(7a2/kT)f‘1/3NB2/3 + f2/3NB-1/3 NA &« NBll/ls

(II1-7)
(’yaz/kT)f_l/sNB2/3 + f1/2 ]VA > NBll/ls
where the logarithmic factor due to F,,, was taken for
a constant. In other words, the micellar growth is checked
by Forona for starlike micelles and by F, for micelles with
thin corona. Upon minimizing Fo;..;, With respect to f, we

obtain the scaling behavior of the mean aggregation num-
berd10.11

NB NA < ZVBH/18

(fy ~ Ngs N, 3 Ngll/t (I1-8)
As R} =~ fNga®, this leads to
Ng*%a N, « Ng''/®8
(Rcore) ~ ? A i (H-g)
NB3/5G NA > ]VBH/15
and to
{Reore) ~ Np*a N, « Ngll/18
Ry =~} 4 :5 3/6 ! Bn 5 (F10)
<L)~NB/NA/CI NA>>NB/

where (R) denotes the average overall radius of a micelle.
Thus, the size of a starlike micelle is set by the corona,
while the dimensions of micelles with thin coronas are
determined by the core. The variance, ¢?, of the aggre-
gation number distribution is the last equilibrium property
needed. Following Leibler et al.,” we obtain a rough es-
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Figure 2. Schematic aggregate size distribution characteristic
of micellar solutions: [S], the concentration of aggregates con-
sisting of f surfactants versus the aggregation number, f.

timate of ¢ by considering Gaussian fluctuations around
(f). Accordingly,

o = kT /{[)F" micene({ f)) (I1-11)

where F” = §°F/df%. The scaling behavior of the standard
deviation, o, is then as follows:

NBI_,'.'S NA & NBll,:‘ls
a~ (I1-12)
NBI,’S NA > NB11/15

III. Relaxation Kinetics of Micellar Solutions!>14

The relaxation of micellar solutions following a small
perturbation is characterized by two relaxation times, 7,
and 7,, such that 7; « 7,. In essence, this is due to the
bimodal size distribution typical of micellar solutions past
the cmc (Figure 2). The concentrations of unaggregated
surfactants (zone I) and of proper micelles (zone III) are
comparatively high, while intermediate-sized aggregates
(submicelles) are present in very low concentrations (zone
II). The fast relaxation processes are associated with re-
actions involving abundant species, while the slow process
is said to involve scarce submicellar aggregates (zone II).
In particular, the slow relaxation process is attributed to
reactions leading to a change in the total number of mi-
celles, i.e., formation or dissolution of micelles. The fast
process is ascribed to reactions resulting in redistribution
of micellar sizes with no accompanying change in their total
number. The precise form of 7, depends on the postulated
mechanism. Two mechanisms are considered to be in-
volved: (1) The AW mechanism excludes reactions be-
tween aggregates. Only reactions involving aggregates and
nonaggregated surfactants are allowed:

a,

S;+8—8

i+1
bist

(III-1)

(2) The second mechanism allows relaxation by fission or
fusion of aggregates:

S; + 8; = Sy,

The two mechanisms lead to markedly different functional
forms for 7. The first mechanism predicts 7, to be an
increasing function of the micelles’ concentration, while
the second one leads to 7, which decreases with the con-
centration but levels off for high enough concentrations.
The concentration dependence of t5 in the AW scheme
arises because it characterizes flux through a “bottleneck”
(zone II). The opposite trend, found for the fission—fusion
mechanism, is typical of the second-order kinetics asso-
ciated with aggregate—aggregate collisions. While the in-
volvement of the fission—fusion mechanism has a marked
effect on 14, 7, is determined primarily by the AW scheme.
This is because the fission—fusion mechanism is not effi-

(III-2)
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(a) (b)

Figure 3. Schematic cross sections of reactive intermediates
involving (a) starlike aggregates and (b) aggregates with thin
coronas. The intermediates shown are obtained for the fission—
fusion mechanism.

cient in achieving slight readjustments of the sharply
peaked micellar distribution (zone III). Experimental
evidence indicates that the relaxation of nonionic systems
is dominated by the fission—fusion mechanism from the
cmc onwards. Ionic micelles are thought to follow the AW
mechanism in low and intermediate ionic strength solu-
tions, but the fission—fusion mechanism takes over for high
ionic strength. Micelle-micelle interactions seem to de-
termine the dominant relaxation mechanism. Repulsive
interactions between micelles tend to favor the AW
mechanism. For ordinary micelles, such interactions are
due to electrostatic repulsion. While polymeric micelles
are the macromolecular counterpart of ordinary nonionic
micelles, their relaxation behavior is expected to be
markedly different. Neutral polymeric micelles formed
by diblock copolymers repel each other because of the
steric interactions between the coronas. Accordingly,
neutral polymeric micelles, as opposed to their “small
surfactant” counterpart, are expected to relax via the AW
mechanism.

It is possible to present a detailed argument favoring the
AW mechanism for polymeric micelles. The argument is
based on an identification of the intermediate state,
“activated state” of the two mechanisms. The associated
activated energies are then clearly seen to favor the AW
scheme. The intermediate state consists of two aggregates
(micelles or submicelles) in close proximity such that the
cores are in grazing contact and the coronas are partly
overlapping (Figure 3). When the two aggregates consist
each of a number of chains, the intermediate corresponds
to the fission—fusion mechanism. In the limiting case
where one of the aggregates consists of a single diblock
copolymer, the intermediate belongs in the AW scheme.
In the latter case, the core of the aggregate is adjacent to
the collapsed B block of the diblock copolymer. To make
our point, we must obtain the activation free energies
associated with the fission and fusion processes (expulsion
and insertion in the AW scheme) for the two kinds of
micelles under consideration. The fission activation free
energy, 6®gon, 1S simpler to obtain. This is because the
coronal contribution to §®g.,, is negligible in the two cases
we consider. For micelles with thin coronas, the coronal
contribution to 6®Pgn is by definition negligible in com-
parison with Fi ierrace and Fooe. In the case of starlike
micelles, the coronal structure is only slightly perturbed
by rearrangement of the core blocks and F,, is roughly
constant. Consider then the fission of an aggregate con-
sistng of f chains into an intermediate composed of two
parts consisting of f; and f, chains (f; + f, = f). As usual,
8Ppission 18 given by

6¢ﬁssion = (b(fl) + (b(f2) - q’(f)

where, for fission, ®(f) is given by

(ITI-3)
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Note again the absence of coronal contribution. Here, as
opposed to the discussion in section II, the free energy per
aggregate is important. To allow us to treat collapsed coils,
F,.., as given in (II-2), is now supplemented by the 2T In
(Reore/ Ro) term. To ensure positive ®gy0, for f = (),
numerical prefactors must be included. Thus, because Veore
= fNga® = (4/3)7R,;’, the core surface area in Fy s, IS
equal to 47R .2 = (47)%/33%/3f2/3Ng?3a? ~ 4.8f 3 Ng*/%a2,
Because the core chains are stretched one dlmensmnally,
a !/, factor should multiply the augmented F,,. Alto-
gether we obtain

F, core + F interface

1 ~a?
k_q'wM’ﬁssion = (41r)1/332/3f2/3N32/3ﬁ [x2/3 + (1 - x)?/3 -

1] + %f5/3NB‘1/3[x5/3 +(1-x)3-1] - %f[x Inx +
(1-x)1n (1-x)] (III-5)

where x = f,/f. The first term accounts for the surface
free-energy contribution to 0@, while the two following
terms allow for the elastic free energy of the core B blocks.
Of the three terms, only the middle one is negative. 6@z
is symmetric with respect to an extremum at x = 1/, and
it vanishes at x = 1 and x = 0. It is positive for all f’s
smaller than (f). (It can change sign only for f values
which are approximately twice larger than (f) of a micelle
with thin corona.) For small x values, d®gy0n/RT ~
f¥3Ng2/3x2/% As x can only assume values that are integer
multlples at f71, ie., x = if”!, we have &g 0n/RT ~
Ng?3%2/3 which clearly favors the AW mechanism (i = 1).

The activation free energy associated with fusion or
insertion processes, 6@, 18 primarily due to coronal
interactions. ®;,, for the formation of an intermediate
by fusion of two aggregates consisting of f; and f; coils is
given by

6q>fusion = (fl + fZ)Fcorona(fl + f2) -

lecorona( fl) - fZFcorona( fZ) (IT1-6)

where F.on.(f1 + f2) refers to the free energy per chain
of the intermediate. The form of 6®,;,, for starlike mi-
celles is different from that obtained for micelles with thin
coronas. For starlike micelles, F, ..(f; + f2) is roughly
that of f, + f, = f A coils grafted to the bigger of the two
cores. As before, we approximate the logarithmic factor
in (II-5) as a constant of order unity, thus leading to

L (Fo+ FP12 = 202 - 32 ~

kT 5¢f\mon

32 fix=fa=f/2
Y h<fa~=f

Equation III-7 is only valid for large enough f’s such that
it is legitimate to consider the corona as starlike. For the
same reason, (III-7) applies only to f,’s which are suffi-
ciently large (=7). With regard to this last caveat, it turns
out however that the same form is obtained even for the
insertion of few chains, i.e., f; = 1, 2, etc. The activation
energy associated with the AW insertion process is thus
lowest, and accordingly this should be the favored mech-
anism for the relaxation of starlike micelles. Our analysis
of 6®Pgqi0n Of starlike micelles relied on the approximate
spherical symmetry of the activated complex corona. For
activated states involving micelles with thin coronas, this
approximation is not always valid. In particular, the
corona of an intermediate state associated with the fusion
of similarly sized aggregates is not spherical in shape. In
such cases, the detailed geometry of the complex should

Ny >» Ng (I11-7)

Polymeric Micelles: Their Relaxation Kinetics 2407

be taken into account along the lines suggested by Leibler
and Pincus.® The intermediate’s corona is depicted as two
partly overlapping spherical shells (Figure 3). For two
identical aggregates with grazing cores, that is when the
distance between their centes p is 2R, the coronal vol-
ume is

4

Veorona(® = 2R o) = —Rcore3(6z + gz"’ + 23) (I11-8)

3

where z = L/R.. In these terms, the coronal volume of

two nonoverlapping aggregates, i.e., p = 2R . + 2L, is

given by

37r core (62 + 622 + 229)
(I11-9)

Note that in general L in the two cases is different. The
Flory-type mean field coronal free energy, ®.oonas is then

1. L2 4f2N,?
ﬁcbcorona =~ 2/( NAa2 +v mena (I11-10)

where v is the second virial coefficient for the coronal
blocks. The corresponding activation free energy within
this picture is

6 (pfusion

corona(p = 2Rcore + 2L)

¢COI‘On&.(

= 2Rcore) 2Rcore +2L)

(ITI-11)

In the limit of interest, of micelles with thin coronas, z «
1, L does not change significantly with coronal overlap. As
a result,

- &)corona(P =

5¢fusnon ~ vf 3NA corona (p = 2R o) -
corona_ (p = 2Rcore + 2L)] (111'12)
which, to leading order in z, yields
1 N,? Na”
T0%Ptugion = Ef N

A rough estimate of 6®j,, associated with the AW process
is given by

kT

(I11-13)

&I)fusion =~ &)(f + 1) - é(f) (III-14)

where & is given by (III-10) except that f replaces 2f in &(f).
As L is only weakly dependent on f, we disregard a slight
increase in L upon insertion of the extra coil. For f > 1,
we obtain

L? v NA*f
5<I>fuslon = -3

e ~— ~ fUING 49N, (II1-15)
AQ

a? Vcorona

where we have approximated Vg ona 88 Vieorona = Reore L+
Scaling analysis yields a slightly different form for (I1I-15):
8®Byusion/ KT ~ fP/'8N5/°N,. The trend is, however, clear:
The activation energy associated with the AW process is
lowest, and accordingly this mechanism is expected to be
dominant. While this trend is found for all cases consid-
ered, our analysis may only serve as a plausibility argu-
ment. A rigorous theory requires complete knowledge of
concentrations and rate constants of all aggregates. Such
analysis is beyond the scope of this paper.

We conclude this section with a brief review of the AW
theory. The relevant results for a micellar solution relaxing
by the AW mechanism are as follows.2'>13 The fast process
is characterized by the relaxation time, 7, given by

1 b b b
—=—+-—X1+C 1+——-X II1-16
e ( o = cr( H ) ( :
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b is the expulsion rate constant for proper micelles, which
is assumed to be identical for all micelles in zone III. X
is a dimensionless concentration defined by

- [Stoml] - [S]
[S]

where [S,.] is the total surfactant concentration in the
system and [S] is the equilibrium concentration of unag-
gregated surfactants, which is essentially identical with the
cme. C, is the average relative deviation from equilibrium
in the system. For relaxation experiments, C, is negligibly
small compared to unity. The relaxation time character-
istic of the slow process is given by

X (I11-17)

1 (NH? 1( o2 )"
- =1+ —X 111-18
nT SR (IIT-18)
where
1
R = II1-19
&S (IL-19)

[S;]’s are the equilibrium concentrations of aggregates
consisting of f surfactants and b; the corresponding ex-
pulsion rate constants. The derivation of (III-16) and
(I11-18) is based on two important assumptions: The de-
viations from equilibrium are assumed to be small. This
allows us to take the equilibrium size distribution (Figure
2) as essentially correct. The second assumption is that
79 3> 71, L.€., that the fast process is to all intents completed
before the slow process advances to a significant degree.
The existence of two disparate time scales amounts to
decoupling of the two processes. As a result, we may take
the total number of micelles to be constant while the fast
process is under way. To obtain 7,, a stationary state
assumption was made with regard to all species in zone
II. Other, less fundamental assumptions were made in
order to obtain an expression for ;. The aggregation
number distribution of various species in zone III was
assumed to be Gaussian. The expulsion rate constants,
by, in zone III are taken to be independent of /. And,
finally, the [S;]’s in zone III are assumed to behave as
continuous and differentiable functions of the aggregation
number, f. Our discussion suggests that solutions of
polymeric micelles relax via the AW mechanism. Their
relaxation behavior should then be characteized by 7, and
74, respectively, given by (III-16) and (III-18). We will not
attempt to elaborate further on our prediction with regard
to 75. Rather, we focus on the scaling behavior of 7,.

IV. The Expulsion Rate Constant

Thus far we have compared the activation energies as-
sociated with two possible relaxation mechanisms of
polymeric micelles. This comparison suggests that the AW
mechanism should dominant the relaxation of micelles
formed by diblock copolymers. By extending these con-
siderations, it is possible to suggest a scaling form for b,
the expulsion rate constant characteristic of proper micelles
(zone III). This, together with the scaling laws for ¢% and
(f) ((II-8) and (II-12)), should then yield the scaling be-
havior of ;. An intermediate state was assumed to play
a role in the expulsion of a coil out of micelle. This sug-
gests the use of transition state theory? or one of its de-
rivatives to obtain b. In this case, because we are dealing
with a classical system in which viscosity plays an im-
portant role, the Kramers theory*? provides an appro-
priate framework. We will first review the pertinent as-
pects of this theory and then modify it to allow for the
special features of our system. Because we consider
macromolecules in a meltlike core medium, we focus on
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I
T

Ymin y*

Figure 4. Schematic free-energy profile considered in the
Kramers rate theory. The dotted line denotes the beginning of
the long ranged potential tail experienced by diblock copolymer
coils while expelled through the micellar corona.

the high viscosity limit of this theory. Consider then an
ensemble of noninteracting particles which are trapped in
a potential well (Figure 4). Initially all particles are
trapped, but in time, a growing number escapes the well.
Their outward motion is assumed to be diffusive, i.e., follow
the Smoluchowski equation. For one-dimensional sta-
tionary flow along the “reaction coordinate”, y, the diffu-
sion current, J, may be written as

= -D exp(-F/kT) % cexp(F/RT) (IV-1)

where c(y) denotes the local concentration of the diffusing
particles and F(y) the free energy profile of the well.
Because J is a constant, integration over y between the well
minimum and the bulk yields

De exp(F/kT)pa

j;ymexp(F/kT) dy

min

(IV-2)

For our choice of reference state, F (yy;,) = 0, and as c-
(¥pu) = 0, the numerator is equal to De(yy,). To evaluate
the denominator, we expand F(y) around its maximum,
F(y*) = F* tosecond order in y - y*: F(y) ~F*-1/u(y
- y¥)2. We then obtain a Gaussian integral yielding
(27kT/w)V/? exp(F*/kT) for the denominator. Altogether
J is now given by

De(ymin)e ™™ /*T
(27kT Jw)t/?

Note that the width of the barrier kT below F*, , is given
by kT/w ~ o® Accordingly, D(27kT/w)™Y/? ~ Dot ~
ATparrier - Where Tpaer ~D7la? is the time required by a
particle to diffuse a distance «, i.e., across the top of the
barrier. We may thus rewrite J as!’

-F*/kT, -1
£/ ATharrier ™~ C(y*)vba:rier ~

C( ymin)vdiffusion (IV'4)

(IV-3)

J ~ C(ymin)e

where Upaier ~ XTparrier - 18 the velocity of the diffusive
current across the top of the barrier, c(y*) = c(yp)e */*T
is the concentration of the reactive intermediate, and
Vaistusion = € ¥ *TUparmier 18 the effective velocity of the dif-
fusive current. The corresponding reaction rate may be
written as a unimolecular rate equation de(ypyy)/dt =
ke(Ymin). The unimolecular rate constant, &, is determined
by the time, 7, characterizing the outward motion of the
particles. Thus, if R is a characteristic dimension of the
well, 7 ~ R/Udiffusion and
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(Iv-5)

It is convenient to summarize this discussion in terms
of the following, standard, kinetic scheme:

-1
kR ~ 77 ~ Vgitpion/ R

A ‘+T A* 2 products (IV-6)
The stationary flow assumption, J = constant/, is equiv-
alent to the stationary state assumption, d[A*]/dt = 0, as
used in chemical kinetics. Both transition state theory and
the Kramers theory consider a slow (2) reaction such that
a quasi-thermal equilibrium is established between A and
A*, i.e., inside the well, Further, both theories identify the
lifetime of A*, the reactive intermediate, with the time
required to cross the top of the potential barrier. The two
theories differ in the kind of motion invoked to achieve
the crossing. In the transition state theory, the particles
are assumed to have a non-zero average velocity,® (y) =
0, and accordingly Tp.mer ~ «. In the high viscosity limit
of the Kramers theory (y) = 0, and the particle crosses
the barrier by Brownian motion leading to Tpame; ~ o2 We
will now adapt the Kramers theory in order to obtain the
expulsion rate constant, b, for polymeric micelles. The
escaping particles considered are now diblock copolymers.
Two special features appear in this case: (i) The actual
path traversed by the chain is sometimes much longer than
the associated displacement along the reaction coordinate.
As a result, Tpaer 18 longer than expected. This effect is
reminiscent of reptation. (ii) The velocity characterizing
the passage of the particle from y* into the bulk, U rona,
is in certain cases slower than vy, In such cases, the
passage through the corona becomes the rate-determining
step and v ggpons IEPlaces Upgpriers in the expressions for J and
b. This effect arises because 7y, is determined primarily
by the B block, while 7.y, is set by the A block.

We picture the expulsion as a two-stage process. Initially
the B block is gradually ejected out of the core, forming
a spherical “bud” of radius r,,4. The radius of the bud
corresponds to that of a collapsed B coil consisting of the
instantaneous number of ejected B monomers, i.e., 0 < ry4
< Ng'’%a. Aslong as the B block is partly embedded in
the core, the A block is only slightly perturbed. This stage
of the process is a highly asymmetric fission, but to avoid
confusion, we will refer to it as “budding”. Once the
budding stage is completed, the expulsion of the entire
diblock copolymer out of the corona can take place. This
stage is dominated by the behavior of the A block with the
collapsed B block contributing somewhat to the frictional
characteristics of the process. We now identify the dis-
tance of the A-B junction from the micelle’s center as the
reaction coordinate, y. The well’s minimum is thus located
at Ymin = Reores the barrier’s highest point, F*, is found at
y* = Ry + 2Ng'/%a; and the expulsion is completed when
¥ = Ypuk = Reore + L. The budding process corresponds
to the interval R.;e < ¥ =~ Roore + 2rbud < Reore + 2Np/%a,
while the coronal stage takes place for R, + 2Ng!/%a <
¥y £ Ry + L. Knowledge of the free-energy profile, F(y),
especially in the vicinity of F*, is a prerequisite for the
application of the Kramers theory. F(y) for the budding
stage is dominated by F, .. This is apparent from (III-5)
for 6®gegion = F* — F( ymin) Which, for the AW process, is
due primarily to the surface tension contribution. Ac-
cordingly, for R,;e < ¥ < Rore + 2Ng'/%a, we have

F( y) = 7(rbud2 + R%- Rcorez) =~ 'Yrbudz (IV'7)

where R is the instantaneous core radius corresponding to
a given ry,g such that R® + rp 4 = R.,.°>. Note that the
bottom of the well serves as a reference state; i.e., F(y i)
= (0. The budding process is assumed to proceed with no
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effect on the coronal blocks; i.e., Ng/3%a « L. This, of
course, is not strictly true. The budding process is always
associated with some displacement of the coronal block.
The outward shift of the A block results in loss of free
energy. This in turn leads to a smaller F* and y*. How-
ever, as the correction to F'* is expected to be small and
as y* does not play a crucial role in our considerations, both
effects may be ignored. For similar reasons, the budding
process may modify the coronal contribution to F(y). This
modification is not important because when the effect is
nonnegligible, it turns out to have a marginal effect on the
expulsion rate constant. In the same spirit, we now assume
that the expulsion of the coronal block takes place with
no effect on the collapsed B block. Thus, for y* <y < R
+ L, we have

F(y) =F*+ Aq;'corona(y) (IV'S)

where F* ~ va2Np?/? and A®,.n.(y), the change in the
free energy of the whole corona as a function of the ex-
pulsion progress is given by

Aq)corona/kT = Qcorona(y)/kT - ¢COI()IIB.( y*)/kT i

ore L
f¥21n — +(f- %210 —— -
core
Ree + L RoetL R +L
3 /2 core ~ — 1 /2 core _ core
f n Rcore f ( n Rcore n y )

(IV-9)

To obtain A&, we assume that in the two spherical
shells, y* < r <yand y < r < R, + L, the coronal chains
assume the equilibrium structure appropriate to spherical
grafted layers consisting respectively of f — 1 and f grafted
chains. Note, that for large f’s, A® ., is essentially due
to the change in the free energy of the expeiled coil.

The implementation of the Kramers theory does not
require the detailed free-energy profile. The necessary
input consists of two characteristic parameters: the height
of the barrier, F*; and the barrier’s width, «. The defi-
nition of F* is straightforward, but the identification of
the true o is more delicate. For the budding process, the
interval F* — kT to F* is associated with a miniscule
change in y, ¢, determined by the condition

va?[Ng%? - (Ng'/%a - €)%/a?] ~ kT  (IV-10)
For va®? = kT and ¢ « Ng'/%a, we obtain
N32/3[1 - (1 - G/NBI/SG)Z] =~ GNB1/3G‘1 ~ 1 (IV'll)

or e = Ng™V/%a. This, however, is not the relevant «. The
relevant « is the curvilinear length of the embedded B
block for F* — kT, given by a/a ~ a3Ng?%a? ~ Ng!/3,
This choice accounts for the mechanism responsible for
the bud growth that is the transfer of the final embedded
B segment from the core onto the bud. This must be
supplemented by the coronal contribution which is equal
to the size of the innermost blob, i.e., {(R.e + 2Ng!/%a).
Altogether we have

a ~ 2Ng'3%a + £(R.o, + 2Np'/%a) (Iv-12)

because £ ~ r, we have £(Ro, + 2Ng'/%a) ~ £(R or0) (Beore
+ 2Np'/%a) [Roore ~ E(Reore) (f1/% + 2) /f1/3 ~ E(R op) and
E(Reore) ~ Reore?/f OF E(Roore) =~ f ENp!/%a. Equation IV-12
is, however, misleading because each of the two terms is
associated with a different diffusion coefficient. We picture
the motion of the embedded B segment as decoupled from
that of the already expelled B block. Accordingly, the
associated diffusion time, 7p, is roughly the time needed
by the embedded segment to diffuse its own length. As
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(a)

(b)

(c)

Figure 5. Elementary step in the AW mechanism for starlike
micelles: {a) corresponds to the well’s minimum; (b) to the reactive
intermediate, y*; and (c) to the final stage, ypuy-

the corresponding D scales as Ng™'/3, we obtain 75 ~ Np.
The coronal contribution to Ty, is due to diffusion across

a distance of £(R..). In this case, the frictional interactions
are due primarily to the A block. Assuming that each blob
acts as a hydrodynamically impenetrable sphere,”” we have
D ~ L7 and the diffusion time 7, scales as 7, ~ D¢
As we focus on the scaling behavior of 7;,f = (f) as given
by (II-8) while L is given by (III-3). Accordingly &(R,.)
scales as Ng!/é for micelles with thin coronas and as Np!/®
for starlike micelles. Therefore typie; iS

Tharrier = 7B T 74 ~

NB+NANBZ/9 NB NA < NB

(IV-13)
Npg + Np3/5Ngl4/% ~ N 3/SNG4/% N, > Ny

and vy, 18 thus

Ng'a /g ~ Ng*/® Np« Np

IV-14
EReore) /74 ~ 1\(1%_3/51VB-9/25 N, > N ( )

Ubarrier =

The Kramers theory is based on the identification of Tpgyie;
as the lifetime of the reactive intermediate, i.e., the passage
from y* + «/2 into the bulk is assumed to take place on
a much shorter time scale. This assumption is justified
when the free-energy barrier is sharply peaked at y*. For
polymeric micelles, this is not always the case: while the
barrier is always steep when approached from the well’s
minimum, the outer slope can be both mild and of very
long range (Figure 4). Such is the case for starlike micelles.
Thus, while our analysis so far yields the correct J for
micelles with thin coronas, the expulsion dynamics in
starlike micelles must account for the effect of the corona
(Figure 5). The exterior, coronal segment of the potential
barrier is given by (IV-9). For starlike micelles, where L
> Ryorer (f) ~ Ng¥%, and L ~ Ng*2N,%/5q, the coronal
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contribution to F(y) is given by

L L
~ —f1/2 - — =
F(y)/kT f (ln R In y)
._NB4/10(1n NB—11/25NA3/5 - In NB4/25NA3/5a/y)
Rere <¥ £ Reyre + L (IV-15)

a potential which is both long ranged and slowly varying
(logarithmic in y). This F(y) may be regarded as origi-
nating from gradual release from confinement. As noted
in section II, each coronal chain is in effect grafted to the
narrow end of a truncated cone. F(y) is the free energy
of a chain which is partly expelled from such a cone,
measured with respect to that of a fully confined coil. A
related, and crucial, observation is that the coronal chains
are stretched: L is equal to the sum of blob diameters.
Note that while globally the coil is only weakly stretched,
it is strongly stretched when viewed as a chain of blobs.
The chain’s stretched configuration suggests reptation-type
dynamics®? because a shift in the chain center of gravity
is obtained by a curvilinear displacement along the chain’s
contour.

It is convenient to describe the passage through the
corona by means of the Langevin equation® for the diblock
copolymer coil:'6

dy 1 aF(y) 1

a_t - §( y) ay g-cham

where f(t) is assumed to be a Gaussian random force
characterized by the moments {( f(t)) = 0 and (f(¢)f(t’))
= 2¢hain2 T6(t — ¢’). The first LHS terms describe the
effect of the nonrandom force on the embedded segment.
For F(y) given by (IV-15), the outward directed force,
-3F(y)/dy, is equal to kTfY/2yL. The associated frictional
term, {!(y), must account for the contribution of the
embedded monomers only. The second term relates to the
effects of random forces on the entire chain. Accordingly,
the corresponding frictional term, {pain, accounts for the
contribution of all monomers in the coil. Assuming as
before that blobs behave hydrodynamically as impene-
trable spheres,?’*® we immediately find {(y) ~ 6wng(L -
), while {aain ~ () + (ux, Where {o; ~ 677, N,>/5a is the
contribution of the N, for the already expelled A mono-
mers. Note that the frictional forces during the coronal
passage are assumed to arise only because of solvent vis-
cosity, n,. Equation IV-16 allows us to calculate the
probability density, ®, for finding the A-B junction at a
position y. @ is peaked at ( y(¢t)). The nonrandom force
causes a shift in ( y(¢)), while the random forces lead to
widening of . Both processes may lead to chain expulsion.
A rough estimate of 7.y, may be obtained by solving
(IV-16) when one of the terms is dominant. The purely
diffusive 7ouona i Obtainable by using L? ~ D7 00, Be-
cause £( ) is position dependent, an effective D is required.
It is simpler, however, to consider bounds on D and thus
on the associated 7. Clearly, kT/6mnL <D = kT/{yain

< kT/671N,¥5, leading to (kT/6mna®)Np¥#N,%°5 <
Teorona < (RT/67ng4 a3)N 12/25y,9/5, ' When the nonrandom
force is dominant, (IV-16) reduces to dy/dt ~ (RT/
Brng)f 12/ y(L - y), which leads to

f(t) (IV-18)

Tcorona ™ L3f-1/2(67r115/kT) ~ N32/25NA9/5 av-17)
and
Ucorona ™ L/Tcorona ~ L_2f1/2 ~ J\]B2/251VA_6/5 (IV-18)

For starlike micelles, for which N, > Ng, the nonrandom
Teorona 18 bOth shorter than the diffusive 7.y..n, and much
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longer than 7., Furthermore, Ucgon, is slower than
Ubarrier- We thus identify 7.0, a8 the intermediate’s life-
time for starlike micelles. For such micelles, J and thus
b are determined by (IV-17) and (IV-18) rather than (I-
V-13) and (IV-14). Using these results as well as (IV-4)
and (IV-5), we find

exp(~F* /T )parrier / Roore ~

exp(-Ng¥*ya /kT)Ng™/? Ny « Np
b ~

exp(—F* /RT Yeorona/ L ~
exp(—-Ng?/3ya?/kT)Ng /BN, 2/* N, > Np
(Iv-19)

This finally allows us to write down the scaling forms of
7, for micelles with thin coronas and for starlike micelles
1

—_— A

71

exp(—NB2/37a2/kT)NB'2(1 + NB-1/3X) NA < NB
eXp(—NB2/3‘/02/kT)NB_12/25NA_9/5(1 + NB‘z/SX) Ny >» Ny

(IV-20)

While 7, of micelles with thin coronas (N, « Ng) depends
only on Bg, 7; of starlike micelles (N, >> Npg) scales as
N,%/5 The N, dependence is solely due to the expulsion
rate constant, b. Thus, by varying NV, it is possible to
modify 7, by changing b and with little effect on the
equilibrium characteristics of the micellar solution.

V. Discussion

The first prediction of this paper concerns the relaxation
mechanism of polymeric micelles. Our considerations
suggest that the Aniansson—-Wall mechanism is dominant
for micelles formed by diblock copolymers in a selective
low molecular weight solvent. While our discussion focused
on two extreme micellar types, endowed with thin or ex-
tended coronas, we expect this prediction to hold for in-
termediate cases as well. Accordingly, the slow relaxation
time, 79, of such solutions is expected to increase with
micellar concentration (eq III-18) rather than decrease, as
predicted for the fission—fusion mechanism. Note that the
fast relaxation time, 7y, is usually determined by the AW
mechanism and thus cannot be used to test this prediction.

The second result concerns the scaling behavior of the
expulsion rate constant b and of the fast relaxation time
7, ~ b1, We find that the exponential factor in both 7,
and b is determined solely by the size of the core B block.
On the other hand, the preexponential factor is determined
solely by the B block only for micelles with thin coronas.
The preexponential factor in b of starlike micelles is
traceable to the passage through the corona and is thus
strongly dependent on the coronal block DP. This last
feature allows us to modify the rate constant with no ac-
companying change in the solution’s equilibrium charac-
teristics which are determined primarily by the B block.
Accordingly, 7, of starlike micelles may allow us to probe
the dynamics of expulsion through the corona. These are
of interest because they exhibit features which are specific
to grafted chains: (i) because the chains are stretched, the
motion is reptative in nature even in the absence of en-
tanglements; (ii) the outward motion is driven, albeit
weakly, by free-energy gradient due to gradual release from
confinement during the expulsion.
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The expulsion rate constant, b, was analyzed in the
framework of the Kramers rate theory. The macromo-
lecular nature of our system gives rise to special, polymeric
modifications of this theory: (i) The displacement along
the reaction coordinate is sometimes much shorter than
the actual path traversed by the chain segments. This
effect, which is reminiscent of reptation, is important in
determining the time scales of the process. (ii) For starlike
micelles, the intermediate’s lifetime is determined by the
external tail of the potential rather than by the vicinity
of the saddle point. This effect is due to the self-consistent
potential acting on the coils which is produced by all other
micellar chains. Thus, by increasing the size of the coronal
blocks, we can change the range of the potential tail to the
point where the system spends more time in this region
than in the vicinity of the saddle point.

Our analysis was based on scaling arguments and is thus
best suited to large Ny and Ng. However, as 7, grows
exponentially with Ng%/3, the use of micelles formed by
diblock copolymers with large B blocks may prove im-
practical. It would seem that starlike micelles provide the
most convenient experimental system from this point of
view. Also it is important to operate above the glass
transition temperature, T}, of the core blocks. Below this
T,, which may well differ from the bulk value, the solution
might exhibit irreproducible relaxation behavior.! Finally,
while our analysis was carried out with various relaxation
experiments—7 jump, etc.—in mind, other related meth-
ods may be used to test our predictions concerning the
expulsion rate constant, b. As b determines the residence
time of a diblock copolymer coil in a micelle,* it should
be possible to use time-resolved fluorescence quenching’-?
to investigate its scaling behavior.
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ABSTRACT: Application of the renormalization group method to the perturbative treatment of surface
interacting polymers with excluded volume currently requires the surface dimension to be fixed. A multiple-e
perturbation expansion method is proposed to circumvent this technical restriction. There are numerous
potential applications of multiple-¢ perturbation theory (e.g., combined treatment of binary and ternary excluded
volume interactions) which can be pursued once the internal consistency of the method is demonstrated in
higher order calculations. The surface interaction model provides a good starting point for studying the multiple-¢
method because of the relative simplicity of the perturbative calculations that provide the input into the
multiple-¢ renormalization group calculations. Another convenient aspect of the model is that the consistency
of the multiple-¢ method can be checked against accurate results for the limits of each interaction (surface
and excluded volume) alone and the combined interactions for the special case of a two-dimensional surface.

1. Introduction

The theoretical description of isolated polymers in the
presence of an interacting boundary has been considered
by using both lattice random walk and continuum Gaus-
sian chain models. Rubin! and Hammersley? studied
random walks interacting with surfaces of varying di-
mension dy (point, d; = 0; line, d; = 1; etc.) and calculated
many of the important configurational properties of ideal
polymers with no polymer—polymer interactions. There
are complementary studies for the continuum model for-
mulation of surface (d; = 2) interacting Gaussian chains
at an impenetrable surface,® and numerous calculations
address the problem of surface interacting chains with
excluded volume*® (see below).

Recent calculations by Kosmas® and Douglas et al.’
consider the problem of a surface interacting chain from
the general perspective where the interacting surface is
taken to have a continuously variable dimension. Initial
calculations by Kosmas® introduced the model and utilized
a version of the renormalization group (RG) theory to
calculate certain exponents characterizing the number of
polymer configurations subject to the surface constraint.
More recent calculations by Douglas et al.” give exact
calculations for many configurational properties over the
full range (attractive and repulsive) of surface interactions,
which they then compare with the corresponding scaling
functions obtained using the approximate Gell-Mann-Low
RG theory. Those calculations enable the unambiguous
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estimation of e-expansion errors in the scaling functions
order by order in ¢ perturbation theory and are also useful
for understanding the characteristic failure of the RG
theory to describe polymers with attractive polymer-
polymer or polymer-surface interactions.’

Both Kosmas® and Douglas et al.” have applied the RG
schemes to treat the combined influence of polymer ex-
cluded volume and surface interactions for the special case
where the surface dimension is fixed at two dimensions so
that the e-expansion method can be applied to both in-
teractions. Kosmas’ calculation® emphasizes the combined
effect of surface and excluded volume interactions on the
exponents that characterize the number of chain configu-
rations, while the work of Douglas et al.” describes the
effect of excluded volume on the scaling functions of
configurational properties such as the end vector distance
(R?) in relation to the properties calculated without ex-
cluded volume. Of course, the combined treatment of
polymer excluded volume and surface interactions neces-
sarily becomes approximate once excluded volume is in-
corporated into the theory and is then primarily restricted
to repulsive polymer—polymer and polymer—surface in-
teractions.

Despite the extensive work that has been done on sur-
face interacting chains, there are numerous important
problems that remain. For example, the effect of surface
proximity® of a particular chain to the surface, polymer
confinement to a finite region with interacting boundaries,?
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